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| FCS 2016

“Why are there no dialectica models or adjoint models for
non-commutative linear logic*?”



Amsterdam Logic Colloguium 1991

“Valeria de Paiva. A Dialectica model of the Lambek
calculus. In 8th Amsterdam Logic Colloguium, 1991.”




Computational Linguistics
Community

“Can we extend the Lambek Calculus with a modality
that does for the structural rule of (exchange) what the
modality of course ‘" does for the rules of (weakening)

and (contraction).”
Morrill et. al
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| ambek Calculus
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| ambek Calculus
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| ambek Calculus

“Elise” has type n

“Elise works” has type s
“works” has type s «— n

“(Elise works) here” has type s
“here” has type s «— s

“Elise (never works)” has type s

“never” has type (s < n) — (s «— n)



| ambek Calculus

“and” has type s — (s < s)

But, isn't “and” commutative in English”



L ambek Calculus with
EXchange
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L ambek Calculus with
EXchange

Fl,A,K,B,FQF C
M kB.ATLEC =

Fl,lﬁ',A,B,FQ C
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Fl,B,K:A,FQI_C :
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L ambek Calculus with
EXchange

“and” has type s — (s «— s)
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L ambek Calculus with
EXchange

“and” has type s — (s < ks)

s — (s+—kKks) & (ks®s) — s



Original Dialectica Construction

Suppose C is a symmetric monoidal closed category, and {2 € Obj(C') is a lineale
(2, —, -, <,e). Then the category Dial(C) is defined as follows:

Objects: (U, X, «) where U, X € Obj(C) and a: U ® X —> (2

Morphisms: (f, F) : (U, X,a) —(V,Y,3) where f € Homg(U,V) and F €
Homg (Y, X) such that:
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Dialectica Categories

Vu € UVy € Y.a(u, F(y)) <o B(f(u),y)

dy Q@ F

URY >U ® X
f®|idY >0 o’
A

VY > ()




Dialectica Categories

O Full Intuitionistic Linear Logic:

O Multiplicatives: Tensor and Par
O Additives: Products and Coproducts

O Modalities: of-course (!) and why-not (7)
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| ambek Dialectica Spaces

Objects: (U, X, a) where U, X € Obj(Set) and a: U x X — M

Morphisms: (f,F) : (U, X,a) — (V,Y,3) where f € Homse (U, V), and
F € Homset(Y, X) S.t.

Vu € UVy € Y.a(u, F(y)) < B(f(u),y)
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. ambek Dialectica Spaces:
Tensor Product

(U, X,0) @ (V,Y,8)=(UxV,(V=>X)x (U—=Y),a® )

(a®B)((u,v),(f,9)) = alu, f(v)) o B(g(u),v)
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| ambek Dialectica Spaces:
Internal Homs

V,Y,08) — (U, X,a)=(U—->V)x (Y - X),UxY,a+ j)

(U, X,a) = (V,Y,8)=(U—->V)x (Y - X),UxY,a— )

Hom(A ® B,C) =2 Hom(A, B — C)

Hom(A® B,C') 2 Hom(B,C — A)
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| ambek Dialectica Spaces:
of-course Modality

(U,X,a) = (U,U - X*,!a)
(10) (u, f) = au,z1) 0+ 0 alu, z;)

where f(u) — (ffla ‘e 733@')



| ambek Dialectica Spaces:
of-course Modality
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| ambek Dialectica Spaces:
exchange Modality

k(U, X,a) = (U, X, ka)

(ka)(u, r) = k(a(u,x))



| ambek Dialectica Spaces:
exchange Modality

c. : KA—A
0 : KA — KKA

BL: kAR B—B®~KrA
BR: AQrkB—kB® A




Three Lambek Calculi

O Lambek Calculus
O Lambek Calculus + of-course modality

O Lambek Calculus + exchange modality

O Lambek Calculus + both
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Three Lambek Calculi

Type Theories for each:

O strongly normalizing

O confluent
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Agda Dialectica Space Library

https://github.com/heades/dialectica-spaces/tree/Lambek
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Thank you!



